In systems that exhibit multistability, namely those that have more than one coexisting attractor, the basins of attraction evolve in specific ways with the creation of each new attractor. These multiple attractors can be created via different mechanisms. When an attractor is formed via a saddle-node bifurcation, the size of its basin increases as a power-law in the bifurcation parameter. In systems with weak dissipation, the basins of low-order periodic attractors increase linearly, while those of high-order periodic attractors decay exponentially as the dissipation is increased. These general features are illustrated for autonomous as well as driven mappings. In addition, the boundaries of the basins can also change from being smooth to fractal when a new attractor appears. Transitions in the basin boundary morphology are reflected in abrupt changes in the dependence of the uncertainty exponent on the bifurcation parameter.
Introduction
Multistability, the occurrence of more than one attractor for a fixed set of system parameters [Grebogi et al., 1986; Grebogi et al., 1987; Feudel et al., 1996; Feudel & Grebogi, 1997; Feudel et al., 1998a; Feudel & Grebogi, 2003 ] is a phenomenon of considerable importance in the study of complex systems. The particular case of bistability, the coexistence of two stable asymptotic states of the dynamics, has been extensively investigated in the context of symmetries, phase transitions or hysteresis for instance. The situation of numerous coexisting attractors is less well characterized, although multistability is suspected to play an important role in a variety of areas such as neuroscience [Schiff et al., 1994; Foss et al., 1996] , chemical reaction dynamics [Marmillot et al., 1991] , optics [Brambilla et al., 1991; Prasad et al., 2003] and condensed matter physics [Prengel et al., 1994] .
The basin of attraction of an attractor is the set of initial conditions in phase space that asymptote to this attractor. As a control parameter varies, attractors in nonlinear dynamical systems may appear, disappear or change stability through different bifurcations. The appearance and disappearance of an attractor is always connected with a change in the basins of attraction of all the attractors that might coexist for the same set of parameters. The motion on the attractor can be periodic, quasiperiodic or chaotic, but this does not, typically, influence the nature of the attractor basin.
To assess the significance of a specific attractor in a multistable system, it is necessary to know, in addition to the nature of the dynamics on a given attractor and the bifurcation through which it was created, its basin of attraction and the geometry of the basin boundary. How does the volume of the basin of attraction vary with parameter changeparticularly near a bifurcation where new attractors appear or existing attractors disappear? And how does the basin boundary change near a bifurcation? These questions, which we address in the present paper, are of practical relevance in a number of contexts. For instance, "pattern-selection" which occurs when a weakly dissipative interaction is considered in a spatially-extended system [Cross & Hohenberg, 1993] corresponds to a case of attractor selection in a bi-or multistable system. A similar situation occurs when multistable systems require stabilization with respect to small perturbations like noise [Feudel & Grebogi, 1997 or when a control strategy is needed to switch from one desired attractor to another. Multistability is a fragile phenomenon: it can be suppressed by weak perturbations [Pisarchik & Corbalán, 1999; Pisarchik & Goswami, 2000; Chizhevsky, 2001 ], a feature that can be exploited in control techniques [Triandaf & Schwartz, 2000; Gadaleta & Dangelmayr, 2001; Pisarchik, 2001 ]. Our study is thus relevant in designing control strategies since these typically require knowledge about the basins of attraction: the asymptotic dynamics in the system without control depend crucially both on initial conditions as well as on the extent of the basin of the given attractor.
Statistically speaking, the more important attractors may have larger basins of attraction. Since the total phase space is the union of all the basins of attraction, we use the relative size of the basin of attraction (i.e. the number of initial conditions converging to a particular attractor divided by the total number of initial conditions taken into account) to characterize a given basin. The larger the relative size of a basin of attraction, the higher the probability that an initial condition picked at random will converge to this attractor. We use the terms size and relative size interchangeably.
In some cases the bifurcations of attractors are accompanied by transformations of basin boundaries of basins of attractions so that their structure may be very complicated or even fractal [McDonald et al., 1985; Mira et al., 1994] . Systems with multiple attractors can also exhibit "riddling" if at least one of the basins of attraction has the property that any neighborhood of a point in the basin contains points belonging to the basin of another attractor. In extreme cases, all attractor basins can be riddled or intermingled [Ott et al., 1993] . If more than two attractors coexist, their basins can possess the Wada property, namely that the boundary between the basins of attraction is a fractal [Nusse et al., 1996; Feudel et al., 1998b; Kennedy et al., 1991] . As a consequence, for points near the boundary, there is final-state sensitivity to initial points in the phase space [Grebogi et al., 1983] .
Multistability is a common occurrence: both weakly as well as strongly dissipative nonlinear systems are known to possess multiple attractors, both with and in the absence of external driving. In conservative systems, there are no attractors and the motion is either on KAM (Kolmogorov-ArnoldMoser) tori or on chaotic orbits [Lichtenberg & Lieberman, 1992] , but by adding weak dissipation, several different attractors can be created. This has been studied in the dissipative standard map by Schmidt and Wang [1985] who examined the bifurcation of periodic orbits as a function of the nonlinearity and the damping, and observed the emergence of multiple coexisting attractors. For the same system it has been shown that for infinitesimal damping the number of coexisting attractors can be made arbitrarily large and that these multiple coexisting attractors possess fractal basin boundaries which are intricately interwoven, giving rise to a highly complex structure in phase space [Mira et al., 1994] . The variation of attractor basin sizes between the dissipative and conservative limits has been studied in the Hénon map [Rech et al., 2005] . Along a characteristic path in parameter space when the period-doubling route is observed, studies of multistable systems show that the basin size variation has a Gaussian profile for periodic attractors [Rech et al., 2005] . By contrast, for chaotic attractors in such systems, the basin size shrinks exponentially along a path of double crises [Feudel & Grebogi, 1997 . In earlier studies of a model of the loss-driven CO 2 laser and the parametrically modulated Hénon map, power-law scaling in the shift of attractor boundaries and critical points was observed and also verified experimentally Saucedo-Solorio et al., 2002] .
In spatially extended dynamical systems such as coupled map lattices [Kaneko, 1993] it is common to observe multistability even when the dissipation is large. One situation that has been examined in some detail is the case of coupled logistic maps [Taborov et al., 2000; Astakhov et al., 2001] which have been studied in the context of synchronization. Here it is known that upon variation of parameters several attractors can be created through a variety of bifurcations. When the parameters are modulated quasiperiodically [Neumann et al., 2003; Shrimali et al., 2005] , periodic, quasiperiodic and chaotic attractors can coexist. The attractor basins also show a characteristic variation, but a more interesting transformation occurs in the basin boundaries, which appear to undergo a process of "fractalization".
Our studies in this paper focus on the nature of attractor basins in a variety of nonlinear dynamical systems, both with and without external driving. We restrict our attention to attractors formed via two major routes. One set of examples we choose are the weakly dissipative Hénon and Ikeda maps which are known from earlier studies to exhibit multistability. Their salient features and the methods of our analysis are discussed in Sec. 2. The second broad class we consider are attractors created in saddlenode and subcritical pitchfork bifurcations, and find that their size grows as a power law depending on the bifurcation parameter. For periodic attractors in weakly dissipative systems, we obtain a variation of the basin size with the period: the integrated basin size (integrated over the nonlinearity) grows linearly for low-period (≤ 4) periodic attractors, and has an exponential decay for higher periods. These results are presented in Sec. 3, again using the Hénon and Ikeda mappings as examples. A complementary study also presented here is the transition from smooth to fractal basins in a system of two coupled driven logistic maps which has at least three coexisting attractors. The bifurcations in the parameter space give rise to bistability and multistability. The transition from bi-to multistability is accompanied by a transition from smooth to fractal basin boundaries (Sec. 4). The paper concludes with a summary and a discussion in Sec. 5.
Multistable Systems and Attractor Basins
We first consider the case of weakly dissipative systems wherein the number of attractors depends both on the nonlinearity as well as on the damping parameters. To obtain a multistable system we start with a conservative one and add a damping parameter which we will vary between 0 (the conservative limit) and 1. For instance, the Hénon map in this setting can be written as [Hénon, 1976] ,
where the two parameters are the nonlinearity A (in this case it also acts like a forcing term) and the damping ν. When ν → 1, the system goes to the strongly damped case where it reduces to the one-dimensional logistic map. In the "Hamiltonian" limit of zero damping, infinitely many marginally stable nonattracting periodic orbits are believed to exist with regular motion around these stable periodic orbits on invariant KAM tori. These, in turn, are typically surrounded by regions of chaotic motion [Lichtenberg & Lieberman, 1992] . Another well-known example of multistability arises in the extensively studied Ikeda map [Ikeda, 1979; Hammel et al., 1985] ,
which was originally derived in the context of nonlinear optics and describes the dynamics of a laser beam in a nonlinear optical cavity. The variable z n = x n + iy n is complex; the parameter I (which is related to the laser input amplitude) corresponds to a forcing and the damping ν is related to the reflection properties of the mirrors in the cavity. k and p (fixed here at k = 0.4 and p = 3.5) are two additional parameters corresponding to the empty cavity detuning and the detuning due to a nonlinear dielectric medium, respectively. In both maps, for low damping the dynamical behavior is dominated by the appearance and disappearance of periodic attractors of different periods leading to very complex bifurcation diagrams. All marginally stable periodic orbits in the conservative system become attracting sinks as the damping is introduced: persistent chaotic motion disappears and is replaced by transient chaos [Lieberman & Tsang, 1985] . Although it is likely that there is an infinite number of periodic orbits in the Hamiltonian limit, only finitely many coexisting periodic sinks can be located when the damping is nonzero since the higher-order periodic orbits typically either lose their stability with increasing damping for a given value of forcing or their existence is shifted to other regions in the bifurcation diagram [Feudel et al., 1996; Feudel et al., 1998a] . Nonetheless, the number of attractors can in principle be arbitrarily high if the damping is chosen small enough. At fixed damping the parameters A and I control the bifurcation sequence. Most periodic attractors are created at saddle-node bifurcations, and lose their stability through period-doubling bifurcations. The bifurcation diagrams for Hénon and Ikeda maps at ν = 0.01 as a function of parameters A and I respectively are shown in Fig. 1 space with a large number of coexisting periodic attractors. For both maps we find regions of multistable behavior in the (A, ν) and (I, ν) parameter space, respectively. Typically these regions are characterized by the coexistence of low-period periodic attractors, most of the higher-order periodic attractors have very small basins of attraction. Indeed they are difficult to detect precisely for this reason [Feudel & Grebogi, 1997 ]. The approximate number of coexisting periodic orbits can be found by scanning the phase space with a large number of initial conditions. Some preliminary studies of attractor basins in the system of two symmetrically coupled identical logistic maps which are subject to a common parametric modulation,
have been presented earlier [Shrimali et al., 2005] . The variables of the two maps are denoted by x and y for clarity, and the control parameters here are the nonlinearity α, the coupling strength β 1 and the forcing strength β 2 . The driving parameter is rescaled as β 2 = β 2 /(4/α − 1) and we consider the system for 0 ≤ β 2 ≤ 1. This system has been studied previously in the context of synchronization [Neumann et al., 2003; Shrimali et al., 2005] . The modulation of α is made quasiperiodic by taking ω to be an irrational number and as in many studies, we take it to be ( √ 5 − 1)/2, the inverse of the golden mean ratio. With this drive, strange nonchaotic attractors can be created [Prasad et al., 2001 [Prasad et al., , 2007 . The Lyapunov exponents for the system Eq. (3) are shown in Fig. 3 as a function of the parameter α. Different bifurcations and transitions can be detected in the variation of the largest Lyapunov exponent λ 1 . In general, λ 1 > 0 for a chaotic attractor, while λ 1 ≤ 0 for torus, quasiperiodic or strange nonchaotic attractor. There are transitions from quasiperiodic motion to chaotic motion as the nonlinearity parameter α is varied. Regions of strange nonchaotic dynamics are also seen. Prior to the saddle-node bifurcation at α c1 ∼ 3.483 (arrow marked P), there are two coexisting attractors: one within the invariant subspace (ISS), and the other outside the ISS. In the region with three coexisting attractors, we find at α c2 ∼ 3.505 (arrow marked Q) a transition of the two-band torus attractor outside the ISS to a two-band chaotic attractor. Beyond α c3 ∼ 3.529 (arrow marked R) all the three coexisting attractors are chaotic in nature.
It is also possible to estimate the relative size of the basin of attraction of an attractor A as
where N is the total number of initial conditions sampled, and N A is the number that eventually reach the attractor A. We have computed the relative basin size of all detectable attractors in the phase space; the data is plotted in Fig. 4 for coupled logistic maps, Eq. (3). Initially there are two coexisting attractors, a synchronous attractor in the ISS with relative basin size f s and a nonsynchronous nonchaotic attractor outside the ISS, with relative basin size f 1 nn . At the subcritical pitchfork bifurcation near α = 3.483, a new nonsynchronous nonchaotic attractor is born with a power-law growth in the relative basin size f 2 nn (in [Shrimali et al., 2005] only bistable regions are considered).
At α = 3.505, one of the nonsynchronous nonchaotic attractors becomes chaotic when the largest Lyapunov exponent changes sign (see Fig. 3 ). At this transition, there is no change in the relative basin size of the two other coexisting attractors. As we further increase the nonlinearity parameter, all three coexisting attractors show changes in their relative basin size, and this also gives rise to more complex basin boundaries (discussed below).
Basin Size Scaling
Consider the bifurcation diagram of the Hénon map shown in Fig. 1(a) for ν = 0.01. We first examine a period p attractor A p , created through a saddlenode bifurcation at parameter B = B c (here the parameter B could refer either to A (Hénon map) or to I (Ikeda map)). The relative size of the attractor basin is computed as a function of the damping ν through Eq. (4). Below the bifurcation point, the basin size is zero, and above, it grows as a power law depending on the parameter B [Shrimali et al., 2005] , Fig. 5(a) for period-3 and period-5 attractors for damping ν = 0.01 for Hénon map. This dependence is similar to that of the attractor basin geometry measured in terms of basin immunities, which has also been shown earlier to be characterized by a power-law [Siapas, 1994 ] dependence on parameter. The variation of the scaling exponent γ with the damping strength ν is shown in Fig. 6 for periods 3 and 5 and as can be seen, the exponent decays with damping, and vanishes for very high damping.
What about the higher period attractors and their basins? It turns out that these tend to have vanishingly small basins of attraction, so it is more relevant to examine the integrated basin size and study this as a function of the damping,
where f p represents the total relative basin size of period-p attractor over a parameter range [B 1 , B 2 ]. This quantity provides another measure of the relative importance of a given attractor, and is evaluated numerically. The integrated basin size has physical relevance for systems with time-dependent control parameters. In that case the particular state of the multistable system will show some change in its properties, i.e. the basin size, with time which can be summed over and used as a performance parameter or to characterize and/or to control the system with noise or external forcing. In numerical calculation the integrated basin size f p For low periods p ≤ 3 the basin size f p increases linearly with damping while for all higher periods it decreases exponentially, as shown in Fig. 7 . This means that with increasing damping the low period periodic orbits dominate the parameter space while the higher period periodic orbits lose their importance. There are two possible reasons for that: (i) the basin size of these attractors shrinks or (ii) the existence interval of these attractors is shifted to higher values of nonlinearity A, so that there is no significant contribution to the basin size in the interval A ∈ [0, 4]. We have studied the integrated basin size of periodic attractors in the interval A ∈ [0, 4] as most of the initial conditions outside this interval lead to infinity. The case of p = 4 appears to be marginal with no growth or decay.
Similar results are obtained for the Ikeda map. Periodic orbits created via saddle-node bifurcations are studied for different damping strengths ν = 0.005, 0.01, 0.015 and 0.02. It can be seen that the basin size of period-p attractors, f I p created at the critical bifurcation value I c have a power-law growth, f I p ∼ (I − I c ) γ with a scaling exponent γ; this is shown in Fig. 5(b) for representative values of p and ν. The dependence of scaling exponent γ on the damping strength ν is also studied for period 3 and period 5. The scaling exponent γ decays with decreasing damping and vanishes at a much lower damping strength, i.e. ν ≈ 0.02, as compared with the results of the Hénon map. The integrated basin size for low period attractors in this case also increases for low-period periodic orbits, while it decreases for high-period attractors exponentially (see Fig. 8 ).
The system of two coupled maps, Eq. (3), shows regions of bi-and multistability both with and without external forcing [Shrimali et al., 2005] . The system becomes bistable at the subcritical pitchfork bifurcation, when an unstable periodic orbit changes stability at
At the transition to bistability, the relative basin size of the attractor changes as a power law in the nonlinearity parameter, and the scaling exponent γ depends both on the coupling β 1 and the forcing parameters β 2 . We have numerically obtained the scaling exponent γ for different coupling strengths β 1 for the unforced coupled maps, i.e. β 2 = 0. The dependence of the scaling exponent γ on the coupling strength β 1 is shown in Fig. 9 .
Basin Boundary Fractalization
A useful quantity for judging the nature of a basin boundary is the uncertainty exponent introduced by Grebogi et al. [1983] . Fractal boundaries give rise to final state sensitivity: small uncertainties in the initial conditions can lead to the convergence to very different attractors. This sensitivity can be quantified by estimating the number of points N that change the final state as a function of the size of perturbation . Then the fraction of initial conditions g( ) which are uncertain is defined as
where N is the total number of initial conditions taken into account. In the case of fractal boundaries, even small uncertainties have a profound effect on the final state; this yields a scaling
which defines the uncertainty exponent η. By contrast, when the boundary is smooth, then g( ) varies only linearly with , i.e. η = 1. It should be noted that the fractal nature of the basin boundary is not related to the geometric structure of the attractor itself. The attractor can be simple or strange. In multistable systems, the basins of coexisting attractors are frequently fractal, and thus are characterized by noninteger values of the uncertainty exponent η. Since in this class of systems the basin boundaries are often interwoven in a complex manner, the uncertainty exponent is typically smaller than 1. In cases where the uncertainty exponent is close to zero, the basin boundary extends over most of the phase space. For a multistable system the uncertainty exponent calculated by means of the above mentioned procedure gives an estimate of the box dimension D of the union of all basin boundaries via the relation D = D S − η, where D S is the dimension of the state space.
The uncertain fraction of initial conditions g( ) as a function of the uncertainty for the union of all basins at α = 3. 48, 3.49, and 3.525 at α = 3.48 is smooth with a value of uncertainty exponent η ∼ 1.0. The change in the uncertainty exponent η with the control parameter α is shown in Fig. 11 for the system of two coupled quasiperiodically forced logistic maps, Eq. (3). The uncertainty exponent changes abruptly at the subcritical pitchfork bifurcation when α = α c ∼ 3.483 as shown by the arrow marked P in Fig. 3 . The jump in the slope of the uncertainty exponent is related to the fact that the new attractor is born in the subcritical pitchfork bifurcation [Breban et al., 2003 ] with a fractal basin of attraction. The uncertainty exponent shows values close to zero when one of the nonsynchronous nonchaotic attractor becomes chaotic around α ∼ 3.505. A further sudden decrease in the exponent occurs beyond α ∼ 3.5237 indicating that the fractal dimension of the basin boundary changes considerably. This rather abrupt change might be related to a fractal-fractal transition for the basin boundaries.
The basins of two coexisting attractors at α = 3.48 are shown in Fig. 12(a) . A subcritical pitchfork bifurcation occurs at α = 3.483 and a new nonsynchronous nonchaotic attractor is born with a power-law growth in the basin size f 2 nn [Shrimali et al., 2005] . The basins of three coexisting attractors after the bifurcation are shown in Fig. 12(b) for α = 3.49, where the new nonsynchronous nonchaotic attractor partially eats up the basin size of the synchronous attractor f s . The basins of four coexisting attractors at α = 3.505 are shown in Fig. 12(c) , where one of the nonsynchronous nonchaotic attractors becomes chaotic, but with no change in the size of the basin of the other attractor(s). The two attractors show a change in their relative basin size around α ∼ 3.5237 with more complex basins of attraction, as shown in Fig. 12(d) at α = 3.525.
The magnification of a basin segment of three coexisting attractors for α = 3.525 [ Fig. 12(d) ] is shown in Fig. 13 . This is a typical example of three coexisting attractors of different nature, i.e. torus, strange nonchaotic and chaotic attractors, all with fractal basin boundaries. 
Conclusions
Multistability is an important feature of many dynamical systems and can arise in a number of different ways. Some of the bifurcations through which new attractors can be created have been discussed in the literature. Here, however, our focus has been on the manner in which the basins of different attractors evolve as parameters are varied.
Two typical situations are considered, focusing on two different system classes. When an attractor is created at a saddle-node bifurcation, its basin size grows as a power law with the parameter distance from the bifurcation point. The scaling exponent of this power law is a function of both the period p as well as the damping strength ν. In the case of strongly coupled extended systems, when an attractor is created at a subcritical pitchfork bifurcation, its relative basin size also grows as a power law in parameter space and the scaling exponent depends on the coupling, forcing and nonlinear parameters. These numerical results suggest that this behavior seems to be quite general for attractors created in this manner.
In weakly dissipative systems there can be a very large number of coexisting attractors, most of which are periodic orbits. As examples for this system class we have examined the Hénon and Ikeda maps. The size of the basins of attraction depends inversely on the period, i.e. the higher the period, the smaller is the basin of attraction. When parameters change the basins show typical patterns of variation. Interestingly we find for both multistable systems that the period-4 orbit seem to play a particular role. When looking at the integrated (over the nonlinearity parameter) size of the basins of attraction, we find that the basins of periodic orbits with period ≤ 3 are growing while the basins of periodic orbits with period ≥ 5 shrink exponentially. The period-4 orbits in these cases appear to be marginal, and have integrated basins of attractions which neither grow nor shrink.
In strongly coupled extended systems there are usually a limited number of attractors, and these can also be chaotic. In this category, we have studied coupled logistic maps with and without external driving. In such systems, in addition to the size, the boundary of the basin of one attractor can also undergo sudden morphological changes with the appearance of another attractor via a bifurcation. We examine this transition using a measure of final state sensitivity and observe that the dependence of the uncertainty exponent on the bifurcation parameter exhibit a change in the slope when we observe a transition from smooth (η = 1) to nonsmooth (η < 1) behavior. If this change occurs at the appearance of a new attractor it implies that the attractor is born with a fractal basin of attraction, reflecting the fractalization of the basin boundary.
With extremely sensitive dependence on control parameters and initial conditions, multistability poses a challenge in the context of control. Realistic models of a variety of physical and biological phenomena possess multiple coexisting attractors, and thus our present results on the manner in which the relative basin sizes of coexisting attractors vary will be relevant to the study of synchronization, coherence and other phenomena related to such complex systems.
